The dynamic stiffness method for composite plate elements based on the first order shear deformation theory is implemented in a program called DySAP to compute exact natural frequencies and mode shapes of composite structures.
INTRODUCTION
The investigation of free vibration behaviour of thin-walled composite structures plays an important role in structural design. Amongst many other applications, the natural frequencies and mode shapes are essentially required to avoid resonance, to predict the dynamic response and to study sound transmission. For thin composite structures, bending or out of plane vibration occurs at relatively lower frequencies than the inplane or membrane ones. For this reason, bending vibration has been extensively covered in the literature [1] .
Although out of plane vibrations are of great importance, inplane vibrations can also be important for various applications, e.g. sound transmission, plate systems transmitting inplane forces, or plates subjected to tangential forces, such as the ones produced by the boundary flow of a fluid. Despite this, in plane free vibration analysis of plates has received relatively little attention in the literature. For isotropic plates, in plane free vibration has only recently been studied with some success in [2] [3] [4] [5] and in particular, using the dynamic stiffness method [6] . Far less attention has been paid to inplane free vibration of composite plates. A recent contribution to the literature on the subject is by Woodcock et al. [7] where the Rayleigh-Ritz method is used to compute the natural frequencies of a single layer composite square plate for different ply orientations.
For thick composite plates, bending and inplane modes can both occur within the first 10 natural frequencies. It is thus instructive that both of the two motions are studied together. No publication in the literature has so far been identified which deals with both bending and inplane free vibrations of com-posite plates in an exact manner, particularly including shear deformation and rotatory inertia.
The essential purpose of this two-part paper is not to show in particular, how much difference the effects of shear deformation and rotatory inertia makes to the natural frequencies and mode shapes of a laminated composite plate when using the first order shear deformation theory as opposed to classical plate theory because there are literally dozens of papers in the literature dealing with this subject which have made such assessments [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . It is obviously clear and well known from published literature that the effects could be significant, particularly for thick composite plates, and the importance of the topic becomes even more acute because fibre reinforced composites having low shear modulii are sensitive to the shear deformation effects, unlike isotropic materials. The main purpose of this paper is thus to give a new methodology to deal with the free vibration problems of laminated composite plates using the dynamic stiffness method based on the first order shear deformation theory as a more accurate and efficient alternative to the commonly used finite element method (FEM) [19] rather than pin-pointing the difference in results when using classical plate theory (CPT).
In Part I [20] of this two part paper, a more efficient method to investigate the free vibration behaviour of composite plates has been presented. This method is the dynamic stiffness method (DSM) which has been developed for laminated plates based on the first order shear deformation theory for both bending and inplane vibration. The theory has been implemented in a computer program called DySAP, written in MATLAB enabling the computation of exact natural frequencies and mode shapes of complex structures modelled as composite plate assemblies.
In this second part, attention is focused on results. First the dynamic stiffness elements presented in [20] are validated against exact results available in the literature. This has been possible for simple square or rectangular composite plates. In order to demonstrate the efficiency and accuracy of the present method, the results are also compared to approximate solutions obtained by the commercially available FEM package NASTRAN. For bending vibration, the results are discussed in section 2.1, whereas for inplane vibration they are discussed in section 2.2. For thick plates showing both bending and inplane modes within the first 10 natural frequencies, Carrera's Unified Formulation (CUF) has been used [8] [9] [10] [11] [12] for comparison purposes since it provides analytical results in contrast to FE based numerical ones.
The developed theory has been further used to compute the exact natural frequencies and mode shapes of stringer panels (section 3) so as to demonstrate the application of the theory to real structures. The exact results of such structures have never been reported before in the literature. The results from the present theory are also compared with approximate results obtained using NASTRAN. Finally, the efficiency, accuracy and versatility of the DSM when studying the free vibration behaviour of real composite structures are demonstrated.
VALIDATION OF RESULTS FOR SIMPLE COMPOSITE PLATES

Free vibration in bending
The out of plane (or bending) free vibration analysis of a composite square plate is first carried out to validate the theory. The relative material prop-erties, plate dimensions, and laminate lay-up are as follows:
The first 6 natural frequencies of the plate are shown in Table 1 for different boundary conditions (S simply supported, C clamped, F free). The dimensionless natural frequency parameter (ω * = ω a 2 /h ρ/E 2 ) together with the corresponding semi-wavelength numbers (m and n) are given and the results are compared with those available in the literature [21, 22] for validation purposes. Approximate results obtained using CQUAD4 NASTRAN elements are also shown. The comparative exact results from the literature [21, 22] are based on the so-called classical method (CM) which uses a Navier's or Levi's type solution and imposes zero or non-zero boundary conditions for displacements and/or forces. This approach can only be used to solve simple plates and cannot be easily extended to structures with complex geometry unlike the DSM. In Table 1 , it can be seen that there is total agreement between the solution obtained using DySAP and the exact results reported in the literature [21, 22] in which only the first three natural frequencies are quoted. It can also be observed in Table 1 that NASTRAN consistently produces conservative estimate of the natural frequencies with errors ranging from −0.3 to −6.2% on the first 6 natural frequencies. Understandably, the error would increase for higher natural frequencies. This can be attribuited to the fact that the FEM gives an approximate solution for the total elastic energy and since a higher energy is associated with higher modes, a greater error is expected. In Figure 1 Figure 1 is merely a plotting grid for convenience.
Further validation cases can be found in Table 2 where a simply supported obtained by DySAP are compared with those reported in [23] using the CM.
The FE analysis results computed by NASTRAN are also shown in Table   2 . The results obtained by DySAP are in total agreement with those given in [23] whilst the error in the FEM gets progressively higher for increasing
Young's modulus ratios.
Next analysis was carried on the same plate with a Young's modulus ratios Table 3 . A very small discrepancy can be seen between DySAP results and the exact results reported in [21, 24] . This discrepancy is most likely to be due to a lower number of significant figures used for rounding the results in [21, 24] . This rounding off error assumption seems justified because the results for h/a = 0.2 have also been reported in an independent investigation [23] and shown in Table 2 . It can be seen that for E 1 /E 2 = 40, the exact value for the first non-dimensional natural frequency is 10.854 according to
Ref. [23] instead of 10.820 of Ref. [21, 24] . Also for this case, it can be seen from Table 3 results that the FEM gives higher errors for higher thickness ratios.
By observing Tables 1, 2 , 3, it can be seen that the FEM results are con- sistently lower than the exact ones obtained by DySAP. The latter has been validated against exact results from the literature (obtained using the CM).
The anomaly can be explained by the fact that CQUAD4 finite elements in NASTRAN use reduced integration to compute the stiffness matrix of the element in order to avoid the shear locking problem which generally affects thin plates. Reduced integration is used to solve this problem by reducing the precision of the integration on the surface of the element which lead to a lower element stiffness. The user has no control over the type of integration used in CQUAD4 elements and this particular feature is not mentioned in NASTRAN user's guide. Nevertheless, the reduced integration is the most likely cause for FEM giving a lower frequency, i.e. a lower stiffness. Clearly, the FEM should overestimate the stiffness, and if the element is subjected to shear locking, the plate will be much stiffer than what it actually is. This reduced stiffness is what really caused a lower frequency when compared with the exact one. This assertion is further strengthened by observing the fact that the error is much higher for thicker plates (Table 3) . Thick plates are not generally subjected to shear locking problems so the reduced integration merely leads to a less accurate stiffness matrix and thus to higher errors.
It should be noted that the shear locking is basically a numerical problem which affects thin FE plates. DySAP and the DSM are strictly speaking not numerical methods since the equations of motions are solved in strong/closed form and thus the results are not affected by shear locking.
In-plane free vibration
Apparently not much attention has been paid to in-plane or membrane mode vibration of plates in the literature as opposed to bending vibration.
Although inplane free vibration for isotropic plates has been studied in some isolated papers [2, 5, 6] , no analytical exact results for composite plates can be found in the literature. In this section the first five in-plane natural frequencies of a square plate are given in Tables 4, 5 and 6 for several combination of boundary conditions. The material properties and dimensions of the plate are: In Table 4 the results are reported for a plate where at least two opposite sites are S1. It can be seen that the first five natural frequencies are dominated by modes with m = 0 which cannot be detected by the theory given in the existing DSM literature [6] . It should also be noted that the FE re-sults obtained by using membrane elements in NASTRAN are surprisingly accurate with an error of less than 0.3%.
Next, in Table 5 the results are reported for a plate where at least two opposite sides S2. With this boundary conditions, the modes corresponding to m = 0 are relatively fewer within the first five natural frequencies. Also in this case, NASTRAN results are indeed very accurate.
In Table 6 
Vibrations of think plates
A relatively thick square composite plate, simply supported on its four sides (S2-S2-S2-S2), is the final validation example presented for simple plates. The plate material properties and geometry are: E 1 /E 2 = 10, The results from the DySAP analysis are reported in Table 7 . Only the first natural frequency could be found in the literature [21, 22] that was obtained by using Navier type exact approach. DySAP results are also compared with those obtained by using Carrera's Unified Formulation (CUF) [8-12, 16, 17] as well as by using a finite element model consisting of 100 × 100 plate ele- If CUF (a) results are used instead for comparison, it can be seen that there is minor disagreements between the frequencies for in-plane modes 16, 18, 19 . This is due to the fact that CUF (a) (which uses ED1 elements) takes the deformability through the thickness into account which makes the plate slightly less stiff than the FSDT formulation, thus giving rise to lower natural frequencies.
From the comparison made between DySAP, CUF and the CM results, it can be generally concluded that DySAP results are correct and thus they can be used as a benchmark to validate approximate solutions.
The last columns of Table 7 Next, a comparison between some computed DySAP and NASTRAN modes is shown in Figure 3 for bending free vibration and in Figure 4 for inplane free vibration. From these figures it can be observed that the mode shapes are generally in good agreement. The modal interchange observed previously as explained in (iv) above can also be observed in Figures 3(e)-3(f), 3(g)-3(h) and 4(a)-4(b). . In this case, with a limited number of elements, any number of natural frequencies can be computed for a complex structure by assembling the individual structures in an exact sense to achieve a desired accuracy. The solution from the DSM can be used as benchmark to validate approximate numerical methods, but importantly can be exploited for several applications in design. In fact, the most commonly used method to solve free vibration problems is acknowledge to be the finite element method (FEM) since it can handle complex geometries.
The FEM, versatile though it is, is generally inaccurate at high frequencies and is numerically as well as computationally inefficient when compared with the DSM. In the following sections some representative real structures are analysed to illustrate the potential of the DSM in terms of both accuracy and computational time.
Two plates reinforced by stiffeners are taken as examples. The first one has an L stringer and the second one has an omega stringer . It should be noted that no exact solution for such complex composite structures has ever been reported in the literature to the best of the authors' knowledge.
L stringer panel
The geometry of the plate with an L stringer is shown in Figure 5 on all its sides (S1-S1-S1-S1). The first 20 dimensionless natural frequencies computed using DySAP are shown in Table 8 . Although it might appear that there is no clear advantage of using DySAP instead of using a commercial FE solver such as NASTRAN in terms of accuracy of results in this case, a different picture emerges when viewed in terms of analysis time. Referring to Table 9 , it can be seen that the dynamic stiffness method implemented in DySAP is much more computationally efficient. Although DySAP has not been optimised neither in terms of memory storage nor in terms of solution technique, it is still 15 times faster than NASTRAN when computing just one natural frequency. This is significant, particulary when carrying out optimisation studies where repetitive sensitivity calculations contribute quite heavily to the overall simulation time.
This difference in computational time is mainly due to the large number of finite elements necessary to obtain an accurate solution using NASTRAN.
When a larger number of frequencies is needed, due to the very nature of the Wittrick and Williams algorithm, the computational time will increase.
DySAP is still seen to be 8 times faster than NASTRAN when computing the first 25 natural frequencies. An advantage of the Wittrick and Williams algorithm is that it is easy to compute only the required natural frequency or natural frequencies in any arbitrary order. This means that if only the 87 th frequency of the structure is required, the time needed will be more or less the same as computing only the first natural frequency and the accuracy of the solution will not be affected anyway. 
Omega stringer panel
In this section a composite panel with an omega stringer is investigated to show the versatility of the dynamic stiffness method using the program DySAP. The geometry is shown in Figure 7 . In Table 10 
CONCLUSIONS
In this second part of the two part paper, the dynamic stiffness formulation for composite plate elements based on the first order shear deformation theory presented in the first part, has been implemented in a computer program called DySAP which has been extensively validated and then used to carry out the free vibration analysis of realistic structures.
Initially only free bending vibration is considered for validation purposes us- in DySAP is not only more accurate but also much more computationally efficient than the finite element method when carrying out free vibration analysis of plate assemblies. The advantage of computational time gained using DySAP will increase for more complex structures which will require more finite elements for accurate modelling. DySAP analysis will be particulary useful in optimisation studies which are generally computationally intensive.
Although DySAP is much more accurate and computationally efficient, it cannot obviously replace the use of the finite element method because it cannot investigate any geometry with any boundary condition at present.
DySAP should be used when at least two sides of the structure are simply supported and importantly, when the structure can be modelled as an assembly of plates. This indicates the need for multi-method software that will use the most accurate and efficient solution procedure for each particular problem without resorting to the finite element method all the time regardless.
